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• A class of metrizable vector bundles have been presented in the paper [5] . Using 

a generalized Lie algebroid we obtain the Lie algebroid generalized tangent bundle. 
This Lie algebroid is a new example of metrizable vector bundle. A new class of 
Lagrange spaces, called by use, generalized Lagrange {p, 7y)-space, Lagrange (p, 77)- 
space and Finsler (p, r?)-space are presented. The results obtained in the particular 
, case of Lie algebroids emphasize the importance and the utility of our new method 

' by work. In particular, if all morphisms are identities morphisms, then similar 

results with classical results are obtained. 



o 



2000 Mathematics Subject Classification:53C05, 53C07, 53C60, 58B20. 



Keywords: vector bundle, (generalized) Lie algebroid, (linear) connection, natural 
04 ' base, adapted base, (pseudo)metrical structure, distinguished linear connection, 

^ ' metrizable vector bundle. 

(N 

! Contents 



1 Introduction |2| 

2 Preliminaries 

3 Natural and adapted basis 

4 Tensor d-fields. Distinguished linear (p, r/)-connections 

5 The (p, ?7)-(pseudo)metrizability [l3 

6 Generalized Lagrange (p, ?7)-spaces, Lagrange (p, ry)-spaces and Finsler 
(p, r/)-spaces |20 



Acknowledgment [24 



References 24 



1 



1 Introduction 



The study of the geometry of the usual Lie algebroid 

{{TTM, TTM, TM) , [, , {IdTTM, IdTM)) 

with a metrical structure 

g = Qijdy^ ® dy^ G T % (VTTM, ttm, TM) , 

was extensively examined by geometers and physicists in the framework of generalized 
Lagrange space. The generalized Lagrange spaces were introduced and studied by R. 
Miron [19] . See also [2, 3, 4] for this topic. 

We know that a regular Lagrangian on TM is a smooth function TM R 
such that the Hessian matrix with entries 

a..(x v) - i^-Mml 

is everywhere nondegenerate. If the metrical structure of a generalized Lagrange space 
is determined by a regular Lagrangian, then we obtain the Lagrange space, (see [21]). 
The notion of Lagrange space was introduced and studied by J. Kern [15] and R. Miron 
[17, 18] . The nonlinear connections and the distinguished linear connections which de- 
pend only on Lagrangian were presented in the framework of Lagrange space. The geo- 
metry of Lagrange spaces have been developed in many proceedings and monographs. 
[7,9,11,20,21,22,23] . 

The case when L is square of a function on TM, positively, 1-homogeneous with 
respect to the velocity y*, provides an important class of Lagrange spaces called Finsler 
spaces. The geometry of Finsler space is a subgeometry of the geometry of the Lie 
algebroid 

{{TTM, TTM, TM) , [, j^Tj^ , {IdTTM, IdTM)) ■ 

Important contributions to the geometry of Finsler spaces were obtained by M. 
Abate and G. Patritio [1] , D. Bao, S. S. Cern and Z. Shen [8] , A. Bejancu [9] , L. 
Berwald [10] , H. Busmann [12] , E. Cartan [13] . 

The classical results, were extended to the study of the geometry of the usual Lie 
algebroid {{TE,te,E) ,[,]rp^ ,{IdTE,IdE)) , where {E,it,M) is a vector bundle, (see 
[19,24,25]) 

The generalized Lie algebroid (see [5]) is a new notion necessary to obtain a new 
class of nonlinear connections in Ehresmann sense. Using that, we obtain the Lie alge- 
broid generalized tangent bundle ^((p, r/) TE, (p, rf) te, E) , [, ](p ^^te > {Pi ^^e)^ ■ In the 
Sections 2, 3 and 4 we present the basic notions and terminology. The study of the 
metrizability of this Lie algebroid is our objective in Section 5. In the particular case of 
Lie algebroids, we obtain important results. Finally, in Section 6, we introduced a new 
class of Lagrange space, called by use the generalized Lagrange {p, rj) -space, Lagrange 
{p,ri)-space and Finsler {p,ri) -space. 

New and important results are obtained in the particular case of Lie algebroids. In 
particular, if {p, r],h) = {IdTM,IdM, IdM) , then similar results with the classical results 
are obtained. 
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2 Preliminaries 



Let Vect, Liealg, Mod, Man and B"^ be the category of real vector spaces, Lie alge- 
bras, modules, manifolds and vector bundles respectively. 

We know that if {E, vr, M) G |B^| , L {E, vr, M) = {n G Man (M, E):uott = Mm} 
and 7'(M) = Man(M,M), then (L (£;, vr, M) , +, •) is a J" (M)-module. If {^,^0) G 
B'*' {{E, IT, M) , {E', tt', M')) such that if^ G /soMan [M, M') , then, using the operation 

J'(M) X r(^',7r',M') — ^ r(£;',7r',M') 

it results that (L tt', M') , +, •) is a (M)-module and we obtain the Mod-morphism 

r(£;,7r,M) ^^'^''^"^ > V{E'y,M') 

u I — > r((^,(^o)'" 



defined by 

r((^,(^o)^(?/) = ¥'(^<^-i(y)) , 

for any y G M'. 

Let M,N e I Man I , /t G /soMan (M, AT) and 77 G /soMan (-/V, M). 
We know (see [5]) that if {F,i',N) G |B"^| so that there exists 

{p,rj) eB- {{F,u,N) ,iTM,TM,M)) 

and also an operation 

r{F,u,N)xT{F,,,,N) ^ r{F,u,N) 

{U,V) ^ K«]f,/j 

with the following properties: 

GLAi. the equality holds good 

f ■'"]F,h = f '"]F,h + ^{Tho p,hon) (n) / • V, 

for all 7i, t; G r (F, z/, iV) and / G 7" (iV) . 

GLA2. the 4-tuple (^r (F, z/, A^) , +, •, [, ]p,^^ is a Lie T (A^)-algebra, 
GLA^. the Mod-morphism F (T/i o p, /i o ry) is a LieAlg-morphism of 

source and 

(r(r7V,Tjv,iv),+,-,[,]rjv) 

target, then the triple ^(F, v, N) , [, , (p, ?7)^ is called generalized Lie algebroid. 

In particular, if /i = /(iAf = 77, then we obtain the definition of the Lie algebroid. 

be an generalized Lie algebroid. 



3 



Locally, for any a,/? G l,p, we set [ta,tfs]pf^ = L'J^j^tj- We easily obtain 
LIq = -Ll, for any a,/3,je T^. 



that 



The real local functions L'^j^, a,/?, 7 G l,p will be called the structure functions of 
the generalized Lie algebroid (^{F, u, N) ,[,]pfi, (p, rj)^ ■ 



• We assume the following diagrams: 

p . 



F 

N 



V 



TM 
M 



Th 



^ TN 

I TAT 

N 



where i,t e l,m and a G l,p. 
If 



and 
then 

and 



{x\y')^(^x'{x'),/{x\y')) 
{X\z')^{x"{x'),z"{x\z')), 

~a' A a' a 

4, — ■'*-a^ ; 



Z - dx^ 



• We assume that (i9, n) = {Th op,hor]). If G T (F, z/, N) is arbitrary, then 

r (T/i o p, /i o T]) {z^t,,) f{hon (x)) = 

^^■^^ = (^L^"^) o V (x)) = ((pL o h) {z- o h) ^) (r? (x)) , 

for any / G J' (A?^) and x e N. 
The coefficients p^ respectively change to p^- respectively 0^- according to the 



rule: 




(2.2) 


Pa '^aPag^i, 


respectively 




(2.3) 




where 


IIA^-II = K 
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Remark 2.1 The following equalities hold good: 



(2.4) 
and 
(2.5) 

We have the B"^-morphism 
(2.6) 

f-K*{h*F) 



dfoh ^ ( , dl 



hyf^F{N). 



TT* {h*F) F 
E ) N 



Let p , Ids) be the B^-morphism of (tt* {h*F) , n* {h*v) , E) source and {TE, te, E) 
target, where 



(2.7) 



TT* {h*F) 



TE 



Z'^T^ (n^) 
Using the operation 

r (tt* {h*F) , TT* {h*v) , E) 



d 



{Z-.p^^ohon)—{u,) 



2 ['\-K*{h*F) 



r(7r* {h*F),Tr* {h*u),E) 



defined by 

(2-8) [T^JT^l,^^,^^ =f^Ll^ohon)T,+ {p^^oho7r)^^Tp, 

n*(h*F) ' 

for any f E T {E) , it results that 



df 



(tt* ih*F) , TT* {h*u) ,E),[, ],,(,,^) , (^^'%'^\ IdE^ ) 



is a Lie algebroid. 



3 Natural and adapted basis 

We consider the following diagram: 



(3.1) 



N 
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where {E,Tr,M) is a vector bundle and (^{F,^, N) ,[,]p , {p,ri)j is a generalized Lie 
algebroid. 

We take as canonical local coordinates on {E,7r,M), where i G l,m and 

a G 1, r. Let 

be a change of coordinates on {E,7r,M). Then the coordinates change to by the 
rule: 



(3.2) 

Let 
(3.3) 



yd ^ M^y"". 



be the natural base of the Lie algebroid {{TE, te, E) , [, , {IdTE, Ids)) ■ 
For any sections 

Z'^Ta € r (tt* {h*F) , TT* {h*F) , E) 



and 

we obtain the section 



Y''daer{VTE,TE,E) 



+ =: z° (r, e [pi oho7r)di)+ (o,,(;,,^) e 4) 
= z«r« e (z" (p*„ o /i o tt) + y«4) e r (tt* (/i*F) e te, ®, . 

Since we have 

Z'^da + Y'^da = 

t 

Z'^T^ = A Z« (p> /i o tt) + Vda = 0, 

it implies .Z" = 0, a G l,p and = 0, a G 1, r. 

Therefore, the sections 9i, dp, di, 9^ are linearly independent. 
We consider the vector subbundle {{p,ri)TE,{p,ri)rE,E) of the vector bundle 
(^TT* {h*F) e TE, ^,E^ , for which the T (£^)-module of sections is the T (£?)-submodule 

of (r (vr* {h*F) © TE, n, E^ ,+,•), generated by the set of sections (^a,da^ which is 

called the natural {p,r])-hase. 

The matrix of coordinate transformation on {{p,r])TE, {p,r]) te, E) at a change of 
fibred charts is 



(3.4) 

We have the following 



A2 O /l O TT 

dM^'oTT 
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Theorem 3.1 Let {p,IdE) be the Bi^ -morphism of {{p,r])TE, {p,r]) te, E) source 
and {TE,te, E) target, where 



(3.5) 



{p,ri)TE-^TE 
Using the operation 



T{ip,r])TE, {p,r])TE,Ef 



I'i (p,ri)TE 



T{ip,r])TE, {p,ri)TE,E) 



defined by 



(3.6) 



Z'^Ta,Z^T^ 



J7r*(/i*F) 



J {p,v)TE 
pioho7r)Z?di + Y^^da, 



(y^oho tt) Z^dj + Y^db 



TE 



for any I Zfda + Y^da ) and I + ^2 ^6 ) ! obtain that the couple 



(['](p,7?)TE>(P' IdE)) 

is a Lie algebroid structure for the vector bundle {{p,r])TE, {p,r]) te, E) . 
The Lie algebroid 

(((P , V) TE, (p, 77) TE,E),[,] ^f,^ri)TE ' (P' ^(^e)^ ' 

is called the Lie algebroid generalized tangent bundle. 

We consider the B'*^-morphism ((p, ry) tt!, Ids) given by the commutative diagram 



(p,^) TE^-^TT* {h*F) 



(3.7) 



{p,'n)rE 



pri 



id-E 

E ^E 



This is defined as: 



(p, r?) tt! + (u^) = (Z"r„) {u^) , 



(3.8) 



for any i^Z'^Oa + ^"aaj G T ((p, r?) TE, (p, 17) te, E) . 

Using the B'^-morphisms (2.6) and (3.7) we obtain the tangent {p,r])- application 
((p, 77) Ttt, ho it) of ((p, 77) TE, (p, 77) Te, £^) source and {F, v, N) target. 
Definition 3.1 The kernel of the tangent (p, r/)-application is written 



{V{p,ri)TE, ip,rj)TE,E) 
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and it is called the vertical subbundle. 



We remark that the set a G 1, r j is a base of the T (£^)-module 

{T(yip,v)TE,{p,n)TE,E),+,-). 

Proposition 3.1 The short sequence of vector bundles 



0^ ^ V{p, n)TE<^^ {p, ri)TE ^ tt* {h*F) ^ 



(3.9) 



IdE 

E ^^E 



IdE 



^E- 



IdE 



^E 



Ids 



^E 



is exact. 

Let {p,ri)T be a (p, 77)-connection for the vector bundle(£^, tt, M) , i. e. a Man- 
morphism (p, 77) F of {p, rj) TE source and V {p, rj) TE target defined by 

(3.10) (p, ,7) r (^z^da + Y^da^ (u^) = {Y- + (p, 7?) r^z") da (U^) , 

so that the B'*^-morphism {{p,'r])T, Ids) is a split to the left in the previous exact 
sequence. Its components satisfy the law of transformation 

(3.11) (p, rj) r-:=M-ovr[p^o (ho7r)^^y'+ {p, r])r^A:^^ (W) . 

In the particular case of Lie algebroids, (77, h) = {IdM, -^^m) , we obtain 



(3.11)' 



pr«^M«07r 



In the classical case, {p,r],h) = {IdTE,IdM,IdM) , we obtain 



(3.11)" 



dx'^' 



OTT. 



The kernel of the B'*'-morphism ((p, r/) T, Me) is written [H (p, 77) TE, (p, 77) te, E) 
and is called the horizontal vector subbundle. 

We put the problem of finding a base for the F (£?)-module 



of the type 



{v{H{p,n)TE,{p,n)TE,E),+,-) 



Z^da + Y^da,ael,r 



which satisfies the following conditions: 

r{{p,ri)7r\,IdE)(5a) = Ta, 
Ti{p,lj)r,IdE){Sa) = 0. 



(3.12) 



Then we obtain the sections 
(3.13) ^ = d^-{p,7j)T-da = Ta(B({piohon)di- (p, 77) T^Ja) ■ 
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such that their law of change is a tensorial law under a change of vector fiber charts. 
The base ^a,da^ will be called the adapted {p,ri)-base. 
Remark 3.2 The following equality holds good 



(3.14) 



r (p, Ue) {la) = (p> /i o tt) a, - (p, r,) Tlda. 



Moreover, if (p, rj) V is the (p, r7)-connection associated to a connection V (see [5] ) , 
then we obtain 



(3.15) r (p, Me) [5^) = {pi, oho-K) 5i, 

where {Si, da) is the adapted base for the T (£^)-module (F {TE, te, E) ,+,•). 



Let (dz°',dy^^ be the natural dual (p, ?7)-base of natural (p, 77)-base ( da, da 
This is determined by the equations 



dz'',dp)=Sl (^dz'',daj=0, 

[dr,dis) = o, (^drJb^ = st. 

We consider the problem of finding a base for the J-" (£J)-module 



iT{iVip,v)TEr ,{{p,r,)TEr ,E),+,.) 



of the type 



5y« = e%dz°' + oj^dy^, ael,n 
which satisfies the following conditions: 

(3.16) 



^6r,daj = iA^sr,Sa) = 0. 

We obtain the sections 
(3.17) (5y« = (p,77)r«d5" + dy«,aeT;n. 

such that their changing rule is tensorial under a change of vector fiber charts. The 
base {dz'^,Sy"') will be called the adapted dual {p,r])-base. 

4 Tensor c?-fields. Distinguished linear (/?, 7y)-connections 

We consider the following diagram: 

E {F,[,]^f^,{p,ri)) 



M 



where {E, tt, M) G |B^| and ((F, u, N) , [, j^,^ , {p, r/)) is a generalized Lie algebroid. 
Let 

(r^;:((p,r/)TE, {p,r^)TE,E),+,.) 
be the (£^)-module of tensor fields by (q,'s)-type from the generalized tangent bundle 

{H (p, 77) TE, (p, 77) TE, E) e {V (p, 77) TE, (p, 77) te, E) . 

An arbitrarily tensor field T is written as 

T = Tp^:::p^bT.Z~^o'^ ® ... ® ® dz(^^ ® ... ® dz^'^^ 

(8) ... <8) da^ ® (Jy''! ® ... (Jy^". 

Let 

(T ((p,77)r£;,(p,77)rE,£;),+,.,®) 

be the tensor fields algebra of generalized tangent bundle ((p, rj) TE, (p, ri)TE, E). 

If Ti G 7^^1.7 ((p,r/)r£;,(p,77)Ts,^) and T2£T^^:s7 {{p,v)TE, {p,r])TE, E), then the 
components of product tensor field Ti T2 are the products of local components of Ti 
and T2. Therefore, we obtain Ti ® G T^^V^ga^/i+ta' ((P' v) TE, (p, 77) te, E) . 

Let VT{{p, r])TE, (p, 77)r£;, E) be the family of tensor fields 

T eT{ip,r])TE, {p,v)te,E) 

for which there exists 

Ti G 7^^((p, 77)T£;, (p, r7)rE, £;) and T2 G ((p, r7)r£;, (p, 77)r^;, £;) 

such that T = Ti+T2. 

The J" (£;)-module {VT i{p,r))TE, {p,rj) te, E) ■) will be called the TTiocJuZe 0/ 
distinguished tensor fields or the module of tensor d-fields. 
Remark 5.1 The elements of 

r((p,77)r£;,(p,77)Ts,£^) 

respectively 

r(((p,r7)rE)*,((p,77)T^;)*,£;) 

are tensor d-fields. 

Definition 4.1 Let {E,Tr,M) be a vector bundle endowed with a (p, 77)-connection 
(p, 77) r and let 

(4.1) {X,T)^-^{p,rj)DxT 

be a covariant (p, 77)-derivative for the tensor algebra of the generalized tangent bundle 

((p,77)r£;,(p,77)rE,£^) 

which preserves the horizontal and vertical IDS by parallelism, (see [6]) 
The real local functions 

((p, 7?) H^^, (p, 77) H^, (p, 7?) [p, 7?) V,%) 
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defined by the following equalities: 

(4.2) • • 

(p, r?) D, = {p, v) V^Ja, [p, V)D-Jb = {p, v) 

are the components of a linear (p, 77)-connection {[p,r]) H,{p,r])V) for the generali- 
zed tangent bundle {{p, rj) TE, {p, r])TE,E) which will be called the distinguished linear 
{p, rj) -connection. 

If h = Mm, then the distinguished linear (/c?tm , -^c^M )-connection is the classical 
distinguished linear connection. 

The components of a distinguished linear connection {H, V) will be denoted 

{Hjk, H^ki ^jci ^bc) ■ 

Theorem 4.1 // {{p,r])H, {p,ri)V) is a distinguished linear {p,ri)- connection for 
the generalized tangent bundle {{p,r])TE, {p,r]) te, E), then its components satisfy the 
change relations: 



(4.3) 



(p, ri) Hf^- = A^' o /i o TT • [r (p, Me) {l^) (a^ o /i o tt) + 
+ (p,r/) H'^^ ■ A^o /i o tt] • A^o ho-K, 

(p, r,) H^. = o vr ■ [r {p, Me) (d^) (M« o vr) + 
+ ip,r])H^-M^.o7r\ -A^ohoTT, 

(p, V) = A°. O /l O TT • (p, ?7) V^^-K^pOho-K- O TT, 

(p, ri) = M" o TT • (p, r/) -M^on- o tt. 

Corollary 4.1 In the particular case of Lie algebroids, (ri,h) = [IdM^Mu) , we 
obtain 



pH^^- =A>7r. Tip,M.E)(6^) ( A^ o vr ) + pi7«^ • A^o vr 



,/3 



(4.3)' 



pH-^- =M^on-[r (p, Me) [6^) {M- o vr) + pH^^ -M^-ott 
PV^C =A-o7r.py°.Ajovr.M,^ovr, 
PV£- =M-'on.pV,l-M^-on-M^-o7r. 



• AXoTT 



/n i/ie classical case, {p,rj,h) = {Mte, Mm, Mm) , we obtain that the components 
of a distinguished linear connection {H, V) verify the change relations: 



dx' 



I ox' ^ „ \ I iTt ax-' ^ „ 



dx^ 



jk dx3 



k 



O TT, 



(4.3)" 



Hi- = M» o TT • [ ^ ( M« o vr ) + H^, • vr] • f^- o tt , 

Vt = o TT • Kil^ O TT • O TT, 



=M«'o7r-F,«-M,^o7r-M^o7r. 
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Example 4.1 If [E,tt,M) is a vector bundle endowed with the (/9, r/)-connection 
(/?, r/) r, then the local real functions 

(4.4) (?MS,i?(-)£i,o,o) 

are the components of a distinguished linear (p, ry) -connection for ((p, 77) Ti?, (p, r])TE,E) , 
which will by called the Berwald linear {p, rj)-connection. 

The Berwald linear {I cItm, I dM)-connection are the ususal Berwald linear connec- 
tion. 

Theorem 4.2 If the generalized tangent bundle {{p,r])TE,[p,T])TE,E) is endowed with 
a distinguished linear {p,r])- connection {(p,r])H, {p,r])V), then for any 

X = ZHa + G r((p, ri)TE,{p,r,)TE,E) 

and for any 

TeT]';{{p,ri)TE,{p,n)TE,E), 

we obtain the formula: 



(p, rj) Dx (T;;.::;;,';:.X'-^a, ® ... ^ ^ dz^^-^ ® ... 

(8)d5^« (8) (8) ... <8) (8) Sy^^ (g) ... ^y*"'^ - 



(4.5) = ^^^j;.:: » ... ® ® d^^^^ ® ... ® ^^^^^ 4i ® • 

(g)5aj, (g) dz^i (g) ... (g di^'J (g) (g) ... (g da^ (g) (g ... (g) 



where 



/3,&i...&. 

(4.6) - (P, ^) - ... - (p, r,) j:^,::,. 

- (p, ^) <.^::S^^::t - - - (p> ^) 



and 



^ft.../3;6i...6. Ie= r (p, /de) (^^e j T^^...^;^,^...b^ + 

-I- IPj V) Vac I3^...l3^bi...b, + - + vP' ^ I3^...^^bi...bs 

(4.7) / ^ai...Q;pai...ar. / ^ ^Q;i...Q:pai...ar 

+ IP' ^ac -^0^...p^bi...bs + - ^) ^ac ^/3i.../3,6i...fe, 

\P^^) %c^ft.../3g662...6.--" *^P'^^ *'6,c-'/3i.../3g6i...6,_i6- 
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Corollary 4.2 In the particular case of Lie algebroids, {r),h) = {IdM,IdM) , we 
obtain 



I ^^al^^a"2••■«p^ll■■■clr , , rj-aprpai-.-ap- 



r-,cxi . . .otpai . . .ar 
..Pgbi.-.bs 



laai ...ttr 

_ ttP rpOLi-OLpai...ar _ _ Tjfi rpai...apai...ar 
I4.bj P"-l3^-t-^PI3,,...l3^bi...bs ■■■ P"-li^-,-^8^...(ig_,pb^...bs 

-^P^a-i^ I3^...l3^bi...bs ••• P^a^-^l3^...l3gbi...bs 

^TTb rpCti...apai...ar _ rrb rpCii ■ ■ .apai . . Mr 

P^6i7^/3i.../3g662...6s - ^-"6sT^/3i-/3q&i...6»-i& 

and 



I Trairpaa2---apai...ar ^^aprpai...ap-iaai...ar 
+P^ac 0^...fi^bi...bs + - + ^'^"c J- I3^...l3^bi...bs 

(4.7)' _ T^;9 ^ai-.-apai-.-ar. _ _ rTia;i...a;pai...ar . 

P^l3ic-^002-^„bi...b, - P%c^/3i.../3,_i/36i...6.+ 

-l-Pl'ac ^/3,.../3^fei...b, - P^ac ^ P^...I3^b-,...bs 

P%c^/3i...^g662...&.--" P^bsc-^i3^...l3gbi...b,-ib- 
In the classical case, {p,r],h) = {IdTE, Idu, Idu) , we obtain 

rpii...ipai...ar r / rpii...ipai...ar 

jl...jqbi...bs\k ~ ^ V jl...jqbl...bs 

,TTiirpii2---ipai...ar. , jj-iprpii---ip-iiai...ar 

^^ik-^n...jqbi...bs - ^ ^ik-^i3^...i3qbi...bs 

fAcyf —TT^ rph-'-ipC-i-.-ar _ _ Tfj rpOi\...apa\...ar 

^^■^> ^jlk-^jj2-jgbl...bs - ^jgk-^jl...jg-ljbl...bs 

,TTairTiQi...apaa2...ar , , TTarrpO!i...apai...ar-ia 
^^ak^l3-^...l3^bi...bs "I" ••• ^ "ak-^l3i...(5gbi...bs 

_Tjb rpOii...apai...ar _ _ jrb rpa-L...apai...ar 
-"6ifc-^/3i.../3„662...b, •■• -"6.fc^^i.../3„6i...bs-i6 



and 



rpii---ipa\...ar i A t rpa\...apa\...ar\ . 

^ji...jgbi...bs Ic- O'c [J^i3-,...0^bi...bs ) 



,-iAirpii2---ipai...ar , . ■,^iprpii---ip-iio,i...ar 

-^^ic ^ji...jqbi...bs - ^ic I3^...0qbi...b, 

^ ' ' jlC jj2---jqhl...bs ^jqC jl...jq-ljbl...bs'^ 

'^^a.c -'-ji...jqbi...bs ■■■ ~^ ^ac -'^jl...jqbl...bs ~ 

1/b rpl^l ■ ■ -ip^^l • • Mr J/b rp'l'l"''l'P^l--Mr 

~ bic ji...jqbb2—bs-'" ~ bsC ji...jqbi...bs-ib' 

Definition 4.2 If {E, tt, M) = {F, u, N) , (p, ry) F is a {p, 77)-connection for the vector 
bundle {E,Tr,M) and 



((p, 77) H^,, {p, rj) HI, (p, v) (p, v) Kc 
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arc the components of a distinguished hnear (p, rj) -connection for the generahzed tangent 
bundle ((p, rj) TE, (p, rj) te, E) such that 

(p, r?) HI = (p, n) HI and (p, r?) = (p, r?) F,", 

then we will say that the generalized tangent bundle {{p,r])TE, {p,rj)TE,E) is endowed 
with a normal distinguished linear (p, rj)- connection on components ((p, rj) H^^, (p, rj) V^^). 

In the particular case of Lie algebroids, (r/, /i) = (IdM , IdM) , the components of a 
normal distinguished linear (p, /(iM)-connection {pH,pV) will be denoted {pH^^,pV^^). 

In the classical case, {p,r],h) = {IdTE,IdM,IdM) , the components of a normal 
distinguished linear (7dTM, -fc?M)-connection {H,V) will be denoted (-f^k, V'Aj- 



5 The (p, 77)-(pseudo)metrizability 



We consider the following diagram: 



E 



(F,[,b,^,(p,r?)) 



where (E, vr, M) G |B'^| and z^, M) , [,]pf^ , (p, ??) j is a generalized Lie algebroid. Let 

(p, 77) r be a (p, ryj-connection for the vector bundle {E, ir, M) and let ((p, ry) if, (p, ry) y) 

be a distinguished linear (p, 77)-connection for the generalized tangent bundle ((p, rj) TE, (p, ry) rg, - 

Definition 5.1 A tensor d-field 

G = g^pd-z'^ ® dz^ + gabSr ^ Sy^ G VT^^ ((p, r/) TE, (p, r?) E) 

will be called pseudometrical structure if its components are symmetric and the matrices 
\\9a0 ('f^a;)||and \\gab {ux)\\ are nondegenerate, for any point £ E. 

Moreover, if the matrices \\ga/3 itJ"x)\\ and \\gab iux)\\ has constant signature, then the 
tensor d-field G will be called metrical structure. 

Let 

G = g^pdz"' ® dz/^ + gabSy'' ® 6y^ 

be a (pseudo) metrical structure. If a, ^ G l,p and a, 6 G l,r, then for any vector local 
(m + r)-chart {U, su) of tt, M), we consider the real functions 



and 

such that 
and 

for any G tt"^ (U) \ {Ox}. 



TT-l ([/) 



TT-l ([/) 



M|| = ||<7a/3 K)|r^ 

K)ii = ik6 Mir', 
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Definition 5.2 If around each point x ^ M it exists a local vector m + r-chart {U, su) 
and a local m-chart {U^^u) such that gaf} o s^^ o x Id-g^m^ {x,y) and gab ° s^^ o 
X IdRm) (x, y) depends only on x, for any Ux € vr"'^ (U) , then we will say that the 
(pseudo)metrical structure 

G = gapdz'^ ® dz^ + gab^T ® 

is a Riemannian (pseudo) metrical structure. 
If only the condition is verified: 

"5a/3 o s^^ o (^^^ X /(iK"i) ix,y) depends only on x, for any Ux G 'it~^ (U)" respec- 
tively "gab o Sj^^ o X /diRm) (a;,y) depends only on x, for any Ux € tt~^ (U)" , then 
we will say that the (pseudo)metrical structure G is a Riemannian T-L- (pseudo) metrical 
structure respectively a Riemannian V - (pseudo)metrical structure. 

Definition 5.3 If around each point x E M there exists a local vector m + r- 
chart {U,su) and a local m-chart {U,^ij) such that ga/3 o o x /diRm) and 
9ab o s^^ o X /dKm) (a:,y) depends only on y, for any Ux £ Tr~^ (U) , then we will 
say that the (pseudo)metrical structure 

G = g^pdz'^ ® dz^ + gabSy" ® 5y^ 

is a locally Minkowski structure. 
If only the condition is verified: 

"50/305^"^ o(,f^^ X /diRm) {x,y) depends only on y, for any Ux G 7r~^ ([/)" respectively 
"Sab ° o (^^^ X Idftm) {x,y) depends only on y, for any Ux G tt~^ (U)", then we 
will say that the (pseudo)metrical structure G is a (pseudo)metrical structure T-L-locally 
Minkowski or V-locally Minkowski, respectively. 

Definition 5.4 If there exists a (pseudo) metrical structure 

G = ga^dz'^ (8) dz^ + gabSy" ® Sy'' 
and a distinguished linear (p, 77)-connection 

{{p,ri)H, {p,n)V) 

such that 

(5.1) (p, v) DxG = 0, VX G r Hp, t?) TE, {p, i^) te, e) . 

then the generalized tangent bundle ((/>, r])TE, (p, ri)TE, E) will be called (p, r])-(pseudo)metrizable 
Condition (5.1) is equivalent with the following equalities: 

(5.2) ga^ij = 0, gab\j = 0, gap \c= , gab \c= 0. 
If 

9a0\",=^ and 30617=0) then we will say that the vector bundle {{p, rf)TE, {p, rj)T e, E) 
is T-L-{p,r])-(pseudo)metrizable. 

If 5'a/3|c=0 and gab\c=0, then we will say that the vector bundle {{p, r])TE, {p, r])TE, E) 
is V-{p,r])-(pseudo)metrizable. 

f ° °\ 

Theorem 5.1 // I (p, rf) H, (p, ri)V \ is a distinguished linear (p, t])- connection for the 
generalized tangent bundle ((p, ry) TE, (p, ry) te, E) and G = ga^dz'^^dz^ +gab^y°'®^y^ 
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is a (pseudo)metrical structure, then the following real local functions: 

{p, rj) H^^ = (r iP, Me) (d^) 9ep + T (p, Me) [h) 9ej - T (p, Me) (d,) gp^ 



0° 1 



Z /3e|c 



(P> ^) Vbc = o^"" ( r (p, /dij) ( ae ) 5e6 + r (p, /d^) {db]gec-r (p, /d^) ( ) gbc 



are components of a distinguished linear {p^rf)- connection such that the generalized tan- 
gent bundle {{p,r])TE,{p,ri)TE,E) becomes {p,r])-(pseudo)metrizable. 

Corollary 5.1 In the particular case of Lie algebroids, {r],h) = {IdM, Idu) , then 
we obtain 

pH^^ = (r (p, Me) (s^) gep + r (p, Me) (h) 9e^ " T (p, Me) (l,) g^^ 

■Z P£\c 

py^c = ^5"' (r (p, /c/e) 5e6 + T (p, /de) (^Sfe^ gee - r (p, {d. 
In the classicale case, {p,r],h) = {IdTEjIdMjIdAi) ) then we obtain 

Hjk = ^9'^ {hghj + Sjghk - ^h9jk) 

•Z oc\k 



e I Qbc 



(5.3)" 

^bc = ^9'"' (pc9eb + db9ec - degbc) 



z jh\c 



( ° °\ 

Theorem 5.2 If the distinguished linear {p,rj)- connection I (p, r/) H, {p,r]) V 1 coincides 
with the Berwald linear {p,r]) -connection in the previous theorem, then the local real 
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functions: 

{P, V) Hf)^ = ^g'^^ (t {p, Me) (d^^ g^fj + T {p, Me) {S/s^ g^^ 
-r (p, IdE) (Se^ g^j + geeL^fi ohon, 

-gpeLt/e oho IT- ge-/L^ps ohon^ , 

(p, ri) = —f—^ + -g'^'g o , 



(5-4) , _ d{p,v)r- 1,^^ 



iP,v)Vp^ =-g'^' 



2^ ay'^ ' 
(P'V)V,, =-g ^5^ + ^-^ 

are the components of a distinguished linear {p,r])- connection such that the generalized 
tangent bundle {{p,ri)TE,{p,ri)TE,E) becomes {p,r])-(pseudo)metrizable. 

Moreover, if the (pseudo)metrical structure G is T-L- and V -Riemannian, then the 
local real functions: 



+geeL^/30h0Tr - g/^g^^ohoTT - gg^L^^^ohoTTj , 

c " 

(p, V) ^fic = 0' 
(p,r/)^l =0. 

are the components of a distinguished linear {p^rj)- connection such that the generalized 
tangent bundle ({p,ri)TE,{p,ri)TE,E) becomes {p,r])-(pseudo)metrizable. 

Corollary 5.2 In the particular case of Lie algebroids, {r],h) = {IdM, Idu) , then 
we obtain 

pHp^ = ht' (r (p, Me) (l^ gep + r (p, Me) {s^) g,^ 

-r (p, IdE) {s^ gi3j + geeL^p o n -gpeL% on- ge-yL^^e ° ^) 
dpT^ 1 

(5.4)' '""^ = ^ + 2^"\tV 



J/ -^7.ae( 99el3 , Ogee dgbc 



2 \dy'' dy^ dy"" 
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(5.5)' 



If the (pseudo)metrical structure G is %- and V-Riemannian, then 

pVp^ = 0, pVf,, = 
/n i/ie classicale case, {p,r],h) = {IdxE, Idu, Idu) , then we obtain 



c a 

(5.4)" ,i 



^g 


(Skghj + Sjghk 


- Shgjk) 


k 


+ 5 , 

^ bc\k 






dgjh 






dy" ' 




T 


/ dgef^ 1 dgec 
\ dy'^ dy^ 


dgbc\ 
dy-J 



If the (pseudo)metrical structure G is T-L- and V-Riemannian, then 



(5.5)" 



2^ V dx^ dx^ dx^^ 



^bk — ^^29 \dx^ ^gec Qyc geb 

Vjc = 0, V,, = 



Theorem 5.3 Let {p,r))T be a {p,rj)- connection for the vector bundle {E,Tr,M) . Let 

ip,v)ii,{p,n)v 

be a distinguished linear {p,r]) -connection for {{p,r])TE,{p,r])TE,E) and let 

G = ga^dz"" ® dzl^ + gabSy"" ® Sy^ 

be a (pseudo)metrical structure. 
Let 

(5.6) ^ ; 

OTc = 2 i^tsi - gbcD , = - {Stsi + gbcD , 

be the Obata operators. 
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If the real local functions X^^,, X^^,Y^^,Y^^ are components of tensor fields, then the 
local real functions given in the following: 

iP, V) = {P, V) h\ + O^IY^^, 

c * 

{p,il)V,- = {p,rj)V,% + 0,aY,i, 



are the components of a distinguished linear {p,r])- connection such that the generalized 
tangent bundle {{p,r])TE, {p,r]) te, E) becomes {p,r])-(pseudo)metrizable. 

Corollary 5.2 In the particular case of Lie algebroids, {r),h) = {IdM, Idu) , then 
we obtain 



(5.7)' 



pH^^ = pH^^ + 0-^X^^^, 
PH^ = PH% + 0^Y^^, 

py^c = py}c + 

~\-¥ae\^d 



pv^c = py^c^oiTY:^,, 

In the classicale case, {p,r],h) = {IdTEiIdMiIdM) ■, then we obtain (see [16]) 



c 



— + oihX\^-, 

(5.7)" 



jk jk ' kh lj'> 

c 

bk — ^bk "T ^bd'-ek^ 



pybi = ybc+OMYe% 

Theorem 5.3 Let {p,ri)T be a {p,ri) -connection for the vector bundle (£", 7r,M) . 
If 

' ON 

(p,77)i7,(p,r/)y 



is a distinguished linear {p,r]) -connection for the generalized tangent bundle 

{{p,r])TE,{p,r])TE,E) 

and 

G = gafsdz"" (g) di^ + gab^y'^ ^ Sy^ 
is a (pseudo)metrical structure, then the real local functions: 

{P,v)H^y = {p,v)H)^+b'''9 , 

^ £/3|7 

ip,ri)H-^ = ip,n)II^-\-lr9 , 
(5.8) "''1^ 

1 _ 



ip,V)y^%={p,V)y^%+^9"'9ep le, 

{p,v)ybi = ip,v)Kc + lr9eb I 
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are the components of a distinguished linear {p,r]) -connection such that the generalized 
tangent bundle {{p,r])TE,(p,r])TE,E) becomes {p,r])-(pseudo)metrizable. 

Corollary 5.3 In the particular case of Lie algebroids, {r],h) = {Mm, Idj^) , then 
we obtain 

pH^^ = ph}^ + 9 , 

pH^ = pH- + \r^g , 
(5.8)' ^ ^^^^ 

In the classicale case, {p,r],h) = {Mte, IdM, IdM) , then we obtain (see [14]) 

I 

Htk = h\ + 1^9 , 
(5.8)" ^^1^= 

1 

yic = yic+^9''9hj le, 

Vb^ = Kc + lr9eb I 

6 Generalized Lagrange (p, 77)-spaces, Lagrange (p, 7y)-spaces 
and Finsler (p, ?7)-spaces 

We consider the following diagram: 

E iF,[,]F^h,{p,ri)) 



M 

such that {E,7r,M) = [F^i/^N) and the generalized tangent bundle 

{{p,r,)TE,{p,r))TE,E) 
is (p, ?7)-(pseudo)metrizable. Let 

G = gabdz" (8) d5» + gabSy" ® 
be a (pseudo) metrical structure and 

{ip,ri)H, ip,n)V) 
a distinguished linear {p, r7)-connection such that 

(p, rj) DxG = 0, VX G r ((p, 7?) TE, {p, r?) te,E). 
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Definition 6.1 A smooth Lagrange fundamental function on the vector bundle 
(E,7r,M) is a mapping E ^ > M which satisfies the following conditions: 

1. LoueC^ (M), for any u G F {E, it, M) \ {0}; 

2. L o G C"^ (M), where means the nuU section of {E, tt, M) . 

If {U, su) is a local vector (m + r)-chart for (E, vr, M), then real function 

put put 

~ dy'^dyb ~ dy^ \dy'' ^ ' 

is defined on vr"^ ([/). 

Definition 6.2 If for any local vector m + r-chart {U, su) of {E, tt, M) , we have: 

(6.2) rank\\Lab{ux)\\=r, 

for any n^; G (U) \ {Ox}, then we will say that the Lagrangian L is regular. 

Proposition 6.1 If the Lagrangian L is regular, then for any local vector m+r-chart 
{U, Su) of {E, TT, M) , we obtain the real functions L°-^ locally defined by 

(6.3) -"'(^) ^ 



where 



Ux ^ L'^\ux) ' 
L"^(m^) = \\Lab{ux)\\~^, for any G vr-^ (J7) \ {0^} 



Definition 6.3 A smooth Finsler fundamental function on the vector bundle {E, tt, M) 

is a smooth Lagrange fundamental function E > which satisfies the following 

conditions: 

1. F is positively 1-homogenous on the fibres of vector bundle {E,'k,M) ; 

2. For any local vector m + r-chart {U, su) of {E, tt, M) , the hessian: 

(6.4) \\FlkM\\ 

is positively define for any Ux G 7r~^ (U) \ {Ox}- 

Definition 6.4 If the (pseudo) metrical structure G is determined by a (pseudo) metrical 
structure 

gert{V{p,ri)TE, {p,r]) ,te,E) , 
then the (p, ?7)-(pseudo)metrizable vector bundle 

{{p,rj)TE,{p,rj)TE,E) 

will be called the generalized Lagrange {p,r]) -space. 

In particular, if the (pseudo) metrical structure g is determined with the help of a 
Lagrange (Finsler) fundamental function, namely g = L^bdy"' dy^ (5 = F^^dy'^ ® dy^^ , 
then the (p, ry)-(pseudo)metrizable vector bundle 

iip,ri)TE,{p,ri)TE,E) 

will be called the Lagrange (Finsler) {p,r]) -space. 

The generalized Lagrange {IdrM, IdM)-spaces, the Lagrange (JcZtM) -fc?M)-spaces, 
and the Finsler [Mtm, /(iM)-spaces are the usual generalized Lagrange spaces, Lagrange 
spaces and Finsler spaces. 
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Theorem 6.1 If the (pseudo)metrical structure G is determined by a (pseudo)metrical 
structure 

g£Tl{V{p,r])TE, {p,r]) ,te, E) , 
then, the real local functions: 

{p, n) = (r i~p, Me) (db) gee + T {p, Me) (s,) g^^ - T {p, Me) (de) g^c 
(6.5) - gcdLf^ohoTT +gbdLicOhoTr - gedLf^ohoTr) , 

ip, V) He = I'd"" (r (P, Me) (d?j geb + T {p, Me) (db^ gee - T {p, Me) (de^ gb^j 

are the components of a normal distinguished linear {p, r])- connection with {p, rj)-'H {7i7i) 

and {p,r])-V{VV) torsions free such that the generalized tangent bundle 
{{p, Tj) TE, (p, r])TE,E) becomes generalized Lagrange {p, rj) -space. 

This normal distinguished hnear (p, 77)-connection will be called generalized linear 
(p,ri)- connection of Levi-Civita type. 

Corolary 6.1 In the particular case of Lie algebroids, {r],h) = {IdM, Idjw) , then 
we obtain 

pHbc = ^5"' (r ip, Me) (Sb) 9ec + T {p, Me) (Sc) gbe - T {p, Me) (Se) gbc 
(6.5)' ~ 9cdLte°'^ +9bdLic°T^ - gedLtc^T^) , 

pKc = l~9" (r (P, Me) (dc^ geb + r (p, Me) (^db^ gee - r ip, Me) (^4^ 56c) 

In the classicale case, {p,r],h) = {IdTE, Idu, Idu) , then we obtain 

Hbc = l^""" {hgee + Scgbe - Segbc) 

V- = -r {degeb + db9ee - deQbe) 



(6.5) 



Moreover, if {E,7r,M) = {TM,tm,M) , then we obtain 



/// 



^jk = ^9'^ (dk9hj + djghk - dhgjkj 



Theorem 6.2 Let ((p, rj) H, (p, rj) V) be the normal distinguished linear (p, r])-connec- 
tion presented in the previous theorem. 
If 

Tte^a ® dz'^ ® G ((p, v) TE, (p, 77) TE, E) 

and 

StA ® Sy' 5r e l^i ((p, v) TE, (p, rj) te, E) 
such that they satisfy the conditions: 

Tl = -T«, A SI = -S%, yb, c G T^, 
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then the following real local functions: 

{p, rj) HI = (p, r?) HI + \r (gedTl - gu^tc + Qcd^te) , 
(6.6) ^ ^ ^ 

{p, ri) = {p, r,) V,- + -r {ged^t - 9bd^ic + 9cd^te) 

are the components of a normal distinguished linear (p, r])- connection with {p, rfj-l-L {l-LH) 
and {p,r])-V iyV) torsions a priori given such that the generalized tangent bundle 
{{p, rj) TE, (p, r])TE,E) derives generalized Lagrange {p, rj) -space. 
Moreover, we obtain: 

Corollary 6.2 In the particular case of Lie algebroids, {r],h) = {Mm, Idn) , then 
we obtain 



(6.6)' 



= pHS, + {gedTt - QbdTi + gcdTte) , 

pVbc = pVbc + {ged^tc - gM^i + gcd^te) 



and 
(6.7)' 



= pVb^c - pVS>- 

In the classicale case, {p,r],h) = {IdTE,IdM,IdM) , then we obtain 



H^c = H^c + [ged^t - guTt + gcdT'i^ , 

(6.6)" 2 ^ / 

Vbc = Kc + if' \9ed^L - 9mKc + gcd^te) 



and 
(6.7)" 



TPa _ o-a _ Tia 



^hc — ^bc ^ch- 
in particular, if {E,Tr,M) = (TM,tm, M) , then we obtain 

H]k = Hjk + 9^*^ (geh^jk - 9jh^ek + 9kh^je 

(6.6) '" ^ ^ 

= yjk + fg'' {geh^jk - gA + gkh^%) 

and 

Tpi fii fjfi 

IC, ry^ni - ^jk ^kj^ 

(6.7) i _ 'i ~i 

= ^jk - ^kj- 
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THE METRIZABILITY OF THE GENERALIZED TANGENT 
BUNDLE OF A VECTOR BUNDLE 

by 

CONSTANTIN M. ARCU§ 



Abstract 

A class of metrizable vector bundles in the general framework of generalized Lie 
algebroids have been presented in the paper [5]. Using a generalized Lie algebroid 
we obtain the Lie algebroid generalized tangent bundle of a vector bundle. This Lie 
algebroid is the new example of metrizable vector bundle presented in this paper. 
A new class of Lagrange spaces, called by use, generalized Lagrange (p, ?7)-space, 
Lagrange (p, ?7)-space and Finsler (p, 77)-space are presented. In the particular case 
of Lie algebroids, new and important results are presented. In particular, if all 
morphisms are identities morphisms, then the classical results are obtained. 
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Keywords: vector bundle, (generalized) Lie algebroid, (linear) connection, natural 
base, adapted base, (pseudo)metrical structure, distinguished linear connection, 
metrizable vector bundle. 
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1 Introduction 



The study of the geometry of the usual Lie algebroid 

{{TTM, TTM, TM) , [, , {IdTTM, IdTM)) 

with a metrical structure 

g = Qijdy^ ® dy^ G T % (VTTM, ttm, TM) , 

was extensively examined by geometers and physicists in the framework of generalized 
Lagrange space. The generalized Lagrange spaces were introduced and studied by R. 
Miron [20] . See also [2, 3, 4] for this topic. 

We know that a regular Lagrangian on TM is a smooth function TM R 
such that the Hessian matrix with entries 

a - 

2 dy'^dyJ 

is everywhere nondegenerate. If the metrical structure of a generalized Lagrange space 
is determined by a regular Lagrangian, then we obtain the Lagrange space, (see [22]). 
The notion of Lagrange space was introduced and studied by J. Kern [16] and R. Miron 
[18, 19] . The nonlinear connections and the distinguished linear connections which de- 
pend only on Lagrangian were presented in the framework of Lagrange space. The geo- 
metry of Lagrange spaces have been developed in many proceedings and monographs. 
[8,10,12,21,22,23,24] . 

The case when L is square of a function on TM, positively, 1-homogeneous with 
respect to the velocity y*, provides an important class of Lagrange spaces called Finsler 
spaces. The geometry of a Finsler space is a subgeometry of the geometry of the Lie 
algebroid 

{{TTM, TTM, TM) , [, , {IdTTM, IdTM)) ■ 

Important contributions to the geometry of Finsler spaces were obtained by M. 
Abate and G. Patritio [1] , D. Bao, S. S. Cern and Z. Shen [9] , A. Bejancu [10] , L. 
Berwald [11] , H. Busmann [13] , E. Cartan [14] . 

The classical results, were extended to the study of the geometry of the usual Lie 
algebroid {{TE,te,E) ,[,]rp^ ,{IdTE,IdE)) , where {E,it,M) is a vector bundle, (see 
[20,25,26]) 

The generalized Lie algebroid (see [5]) is a new notion necessary to obtain a new 
class of connections in the Ehresmann sense. Using that, we obtain the Lie algebroid ge- 
neralized tangent bundle ^((p, rf) TE, (p, rf) te, E) , [, ](p j^^te ' (P' I^e)^ ■ In the Sections 
2, 3 and 4 wc present the basic notions and terminology, (see also [5,7]) The study of 
the metrizability of this Lie algebroid is our objective in Section 5. In the particular 
case of Lie algebroids, we obtain important results. Finally, in Section 6, we introduced 
a new class of Lagrange spaces, called by use the generalized Lagrange {p,rj)- spaces, 
Lagrange {p,r]) -spaces and Finsler {p,ri) -spaces. 

New and important results arc obtained in the particular case of Lie algebroids. In 
particular, if {p,r],h) = {IdTM,IdM,IdM) , then the classical results are obtained. 
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2 Preliminaries 



Let Vect, Liealg, Mod, Man and B"^ be the category of real vector spaces, Lie alge- 
bras, modules, manifolds and vector bundles respectively. 

We know that if {E, vr, M) G |B^| , L {E, vr, M) = {n G Man (M, E):uott = Mm} 
and 7'(M) = Man(M,M), then (L (£;, vr, M) , +, •) is a J" (M)-module. If {^,^0) G 
B'*' {{E, IT, M) , {E', tt', M')) such that if^ G /soMan [M, M') , then, using the operation 

J'(M) X r(^',7r',M') — ^ r(£;',7r',M') 

it results that (L tt', M') , +, •) is a (M)-module and we obtain the Mod-morphism 

r(£;,7r,M) ^^'^''^"^ > V{E'y,M') 

u I — > r((^,(^o)'" 



defined by 

r((^,(^o)^(?/) = ¥'(^<^-i(y)) , 

for any y G M'. 

Let M,N e I Man I , /t G /soMan (M, AT) and 77 G /soMan (-/V, M). 
We know (see [5]) that if {F,i',N) G |B"^| so that there exists 

{p,rj) eB- {{F,u,N) ,iTM,TM,M)) 

and also an operation 

r{F,u,N)xT{F,,,,N) ^ r{F,u,N) 

{U,V) ^ K«]f,/j 

with the following properties: 

GLAi. the equality holds good 

f ■'"]F,h = f '"]F,h + ^{Tho p,hon) (n) / • V, 

for all 7i, t; G r (F, z/, iV) and / G 7" (iV) . 

GLA2. the 4-tuple (^r (F, z/, A^) , +, •, [, ]p,^^ is a Lie T (A^)-algebra, 
GLA^. the Mod-morphism F (T/i o p, /i o ry) is a LieAlg-morphism of 

source and 

(r(r7V,Tjv,iv),+,-,[,]rjv) 

target, then the triple ^(F, v, N) , [, , (p, ?7)^ is called generalized Lie algebroid. 

In particular, if /i = /(iAf = 77, then we obtain the definition of the Lie algebroid. 

be an generalized Lie algebroid. 
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Locally, for any a,/? G l,p, we set [ta,tfs]pf^ = L'J^j^tj- We easily obtain 
LIq = -Ll, for any a,/3,je T^. 



that 



The real local functions L'^j^, a,/?, 7 G l,p will be called the structure functions of 
the generalized Lie algebroid (^{F, u, N) ,[,]pfi, (p, rj)^ ■ 



• We assume the following diagrams: 

p . 



F 

N 



V 



TM 
M 



Th 



^ TN 

I TAT 

N 



where i,t e l,m and a G l,p. 
If 



and 
then 

and 



{x\y')^(^x'{x'),/{x\y')) 
{X\z')^{x"{x'),z"{x\z')), 

~a' A a' a 

4, — ■'*-a^ ; 



Z - dx^ 



• We assume that (i9, n) = {Th op,hor]). If G T (F, z/, N) is arbitrary, then 

r (T/i o p, /i o T]) {z^t,,) f{hon (x)) = 

^^■^^ = (^L^"^) o V (x)) = ((pL o h) {z- o h) ^) (r? (x)) , 

for any / G J' (A?^) and x e N. 
The coefficients p^ respectively change to p^- respectively 0^- according to the 



rule: 




(2.2) 


Pa '^aPag^i, 


respectively 




(2.3) 




where 


IIA^-II = K 
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Remark 2.1 The following equalities hold good: 



(2.4) 
and 
(2.5) 

We have the B"^-morphism 
(2.6) 

f-K*{h*F) 



dfoh ^ ( , dl 



hyf^F{N). 



TT* {h*F) F 
E ) N 



Let p , Ids) be the B^-morphism of (tt* {h*F) , n* {h*v) , E) source and {TE, te, E) 
target, where 



(2.7) 



TT* {h*F) 



TE 



Z'^T^ (n^) 
Using the operation 

r (tt* {h*F) , TT* {h*v) , E) 



d 



{Z-.p^^ohon)—{u,) 



2 ['\-K*{h*F) 



r(7r* {h*F),Tr* {h*u),E) 



defined by 

(2-8) [T^JT^l,^^,^^ =f^Ll^ohon)T,+ {p^^oho7r)^^Tp, 

n*(h*F) ' 

for any f E T {E) , it results that 



df 



(tt* ih*F) , TT* {h*u) ,E),[, ],,(,,^) , (^^'%'^\ IdE^ ) 



is a Lie algebroid. 



3 Natural and adapted basis 

We consider the following diagram: 



(3.1) 



N 
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where {E,Tr,M) is a vector bundle and (^{F,^, N) ,[,]p , {p,ri)j is a generalized Lie 
algebroid. 

We take as canonical local coordinates on {E,7r,M), where i G l,m and 

a G 1, r. Let 

be a change of coordinates on {E,7r,M). Then the coordinates change to by the 
rule: 



(3.2) 

Let 
(3.3) 



yd ^ M^y"". 



be the natural base of the Lie algebroid {{TE, te, E) , [, , {IdTE, Ids)) ■ 
For any sections 

Z'^Ta € r (tt* {h*F) , TT* {h*F) , E) 



and 

we obtain the section 



Y''daer{VTE,TE,E) 



+ =: z° (r, e [pi oho7r)di)+ (o,,(;,,^) e 4) 
= z«r« e (z" (p*„ o /i o tt) + y«4) e r (tt* (/i*F) e te, ®, . 

Since we have 

Z'^da + Y'^da = 

t 

Z'^T^ = A Z« (p> /i o tt) + Vda = 0, 

it implies .Z" = 0, a G l,p and = 0, a G 1, r. 

Therefore, the sections 9i, dp, di, 9^ are linearly independent. 
We consider the vector subbundle {{p,ri)TE,{p,ri)rE,E) of the vector bundle 
(^TT* {h*F) e TE, ^,E^ , for which the T (£^)-module of sections is the T (£?)-submodule 

of (r (vr* {h*F) © TE, n, E^ ,+,•), generated by the set of sections (^a,da^ which is 

called the natural {p,r])-hase. 

The matrix of coordinate transformation on {{p,r])TE, {p,r]) te, E) at a change of 
fibred charts is 



(3.4) 

We have the following 



A2 O /l O TT 

dM^'oTT 
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Theorem 3.1 Let {p,IdE) be the Bi^ -morphism of {{p,r])TE, {p,r]) te, E) source 
and {TE,te, E) target, where 



(3.5) 



{p,ri)TE-^TE 
Using the operation 

['l{p,r,)TB 



T{{p,rj)TE, {p,rj)TE,Ey 



T{{p,r,)TE, ip,ri)TE,E) 



defined by 



(3.6) 



^1 -J-a, ^2 -'-P 



i'K*{h*F) 



J (p,v)TE 
(p> /I o vr) Zldi + Y^da, 



[p^poho tt) Z^dj + Y^db 



TE 



for any I Zfda + Y^da ) and I + ^2 ^6 ) > obtain that the couple 



(['](p,77)TE>(P' IdE)) 

is a Lie algebroid structure for the vector bundle {{p, rf) TE, (p, 77) te,E) . 
The Lie algebroid 

(((P , V) TE, {p, ri) TE,E),l] (^p^rj)TE ' (P' ^^e)) ' 

is called the Lie algebroid generalized tangent bundle, (see [5,7]) 

We consider the B'*^-morphism ((p, ry) vr!, /d^) given by the commutative diagram 



{p,ri) TE^-^TT* {h*F) 



(3.7) 



{p,'n)rE 



E- 



idp 



pri 



^E 



This is defined as: 



{p, r/) tt! Z^da + Y^da (u^) = {Z^Ta) {u^) , 



(3.8) 



for any \^Z^da + Y^daj G T ((p, r?) TE, {p, r?) rg, E) . 

Using the B"^-morphisms (2.6) and (3.7) we obtain the tangent (p,r])- application 
{{p, 77) Ttt, ho tt) of ((p, rj) TE, (p, rj) te, E) source and {F, v, N) target. 
Definition 3.1 The kernel of the tangent (p, r/)-application is written 



{V{p,^)TE,{p,^)TE,E) 
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and it is called the vertical subbundle. 



We remark that the set a G 1, r j is a base of the T (£^)-module 

{T(yip,v)TE,{p,n)TE,E),+,-). 

Proposition 3.1 The short sequence of vector bundles 



0^ ^ V{p, n)TE<^^ {p, ri)TE ^ tt* {h*F) ^ 



(3.9) 



IdE 

E ^^E 



IdE 



^E- 



IdE 



^E 



Ids 



^E 



is exact. 

Let {p,ri)T be a (p, 77)-connection for the vector bundle(£^, tt, M) , i. e. a Man- 
morphism (p, 77) F of {p, rj) TE source and V {p, rj) TE target defined by 



{p, ri) r z^do, + Y^Ba = {Y- + (p, 7?) r^z") a„ {u^) , 



(3.10) 



so that the B'*^-morphism {{p,'r])T, Ids) is a split to the left in the previous exact 
sequence. Its components satisfy the law of transformation 



(3.11) 



(p, v) r^:=M»o7rUo/i07r^^/+ {p, v)^ 



AT-o/iott. 
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In the particular case of Lie algebroids, (77, h) = {IdM, -^^m) , we obtain 



(3.11)' 



pr«^M«07r 



In the classical case, {p,r],h) = {IdTE,IdM,IdM) , we obtain 



(3.11)" 



dx'^' 



OTT. 



The kernel of the B'*'-morphism ((p, r/) T, Me) is written (H (p, 77) TE, (p, 77) te, E) 
and is called the horizontal vector subbundle. (see [5,7]) 

We put the problem of finding a base for the F (£')-module 

(r {H{p,n)TE, {p,n)TE,E),+,-) 

of the type 

which satisfies the following conditions: 

r{{p,ri)7r\,IdE)(5a) = Ta, 

(3.12) ) ( 

Ti{p,lj)r,IdE)(Sa) = 0. 

Then we obtain the sections 

(3.13) ^ = d^-{p,7j)T-da = Ta(B({piohon)di- (p, 77) T^Ja) ■ 
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such that their law of change is a tensorial law under a change of vector fiber charts. 
The base ^a,da^ will be called the adapted {p,ri)-base. 
Remark 3.2 The following equality holds good 



(3.14) 



r (p, Ue) {la) = (p> /i o tt) a, - (p, r,) Tlda. 



Moreover, if (p, rj) V is the (p, r7)-connection associated to a connection V (see [5] ) , 
then we obtain 



(3.15) r (p, Me) [5^) = {pi, oho-K) 5i, 

where {Si, da) is the adapted base for the T (£^)-module (F {TE, te, E) ,+,•). 



Let (dz°',dy^^ be the natural dual (p, ?7)-base of natural (p, 77)-base ( da, da 
This is determined by the equations 



dz'',dp)=Sl (^dz'',daj=0, 

[dr,dis) = o, (^drJb^ = st. 

We consider the problem of finding a base for the J-" (£J)-module 



iT{iVip,v)TEr ,{{p,r,)TEr ,E),+,.) 



of the type 



5y« = e%dz°' + oj^dy^, ael,n 
which satisfies the following conditions: 

(3.16) 



^6r,daj = iA^sr,Sa) = 0. 

We obtain the sections 
(3.17) (5y« = (p,77)r«d5" + dy«,aeT;n. 

such that their changing rule is tensorial under a change of vector fiber charts. The 
base {dz'^,Sy"') will be called the adapted dual {p,r])-base. 

4 Tensor c?-fields. Distinguished linear (/?, 7y)-connections 

We consider the following diagram: 

E {F,[,]^f^,{p,ri)) 



M 



where {E, tt, M) G |B^| and ((F, u, N) , [, j^,^ , {p, r/)) is a generalized Lie algebroid. 
Let 

(r^;:((p,r/)TE, {p,r^)TE,E),+,.) 
be the (£^)-module of tensor fields by (q,'s)-type from the generalized tangent bundle 

{H (p, 77) TE, (p, 77) TE, E) e {V (p, 77) TE, (p, 77) te, E) . 

An arbitrarily tensor field T is written as 

T = Tp^:::p^bT.Z~^o'^ ® ... ® ® dz(^^ ® ... ® dz^'^^ 

(8) ... <8) da^ ® (Jy''! ® ... (Jy^". 

Let 

(T ((p,77)r£;,(p,77)rE,£;),+,.,®) 

be the tensor fields algebra of generalized tangent bundle ((p, rj) TE, (p, ri)TE, E). 

If Ti G 7^^1.7 ((p,r/)r£;,(p,77)Ts,^) and T2£T^^:s7 {{p,v)TE, {p,r])TE, E), then the 
components of product tensor field Ti T2 are the products of local components of Ti 
and T2. Therefore, we obtain Ti ® G T^^V^ga^/i+ta' ((P' v) TE, (p, 77) te, E) . 

Let VT{{p, r])TE, (p, 77)r£;, E) be the family of tensor fields 

T eT{ip,r])TE, {p,v)te,E) 

for which there exists 

Ti G 7^^((p, 77)T£;, (p, r7)rE, £;) and T2 G ((p, r7)r£;, (p, 77)r^;, £;) 

such that T = Ti+T2. 

The J" (£;)-module {VT i{p,r))TE, {p,rj) te, E) ■) will be called the TTiocJuZe 0/ 
distinguished tensor fields or the module of tensor d-fields. 
Remark 5.1 The elements of 

r((p,77)r£;,(p,77)Ts,£^) 

respectively 

r(((p,r7)rE)*,((p,77)T^;)*,£;) 

are tensor d-fields. 

Definition 4.1 Let {E,Tr,M) be a vector bundle endowed with a (p, 77)-connection 
(p, 77) r and let 

(4.1) {X,T)^-^{p,rj)DxT 

be a covariant (p, 77)-derivative for the tensor algebra of the generalized tangent bundle 

((p,77)r£;,(p,77)rE,£^) 

which preserves the horizontal and vertical IDS by parallelism, (see [6]) 
The real local functions 

((p, 7?) H^^, (p, 77) H^, (p, 7?) [p, 7?) V,%) 
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defined by the following equalities: 

(4.2) • • 

(p, r?) D, = {p, v) V^Ja, [p, V)D-Jb = {p, v) 

are the components of a linear (p, 77)-connection {[p,r]) H,{p,r])V) for the generali- 
zed tangent bundle {{p, rj) TE, {p, r])TE,E) which will be called the distinguished linear 
{p, rj) -connection. 

If h = Mm, then the distinguished linear (/c?tm , -^c^M )-connection is the classical 
distinguished linear connection. 

The components of a distinguished linear connection {H, V) will be denoted 

{Hjk, H^ki ^jci ^bc) ■ 

Theorem 4.1 // {{p,r])H, {p,ri)V) is a distinguished linear {p,ri)- connection for 
the generalized tangent bundle {{p,r])TE, {p,r]) te, E), then its components satisfy the 
change relations: 



(4.3) 



(p, ri) Hf^- = A^' o /i o TT • [r (p, Me) {l^) (a^ o /i o tt) + 
+ (p,r/) H'^^ ■ A^o /i o tt] • A^o ho-K, 

(p, r,) H^. = o vr ■ [r {p, Me) (d^) (M« o vr) + 
+ ip,r])H^-M^.o7r\ -A^ohoTT, 

(p, V) = A°. O /l O TT • (p, ?7) V^^-K^pOho-K- O TT, 

(p, ri) = M" o TT • (p, r/) -M^on- o tt. 

Corollary 4.1 In the particular case of Lie algebroids, (ri,h) = [IdM^Mu) , we 
obtain 



pH^^- =A>7r. Tip,M.E)(6^) ( A^ o vr ) + pi7«^ • A^o vr 



,/3 



(4.3)' 



pH-^- =M^on-[r (p, Me) [6^) {M- o vr) + pH^^ -M^-ott 
PV^C =A-o7r.py°.Ajovr.M,^ovr, 
PV£- =M-'on.pV,l-M^-on-M^-o7r. 



• AXoTT 



/n i/ie classical case, {p,rj,h) = {Mte, Mm, Mm) , we obtain that the components 
of a distinguished linear connection {H, V) verify the change relations: 



dx' 



I ox' ^ „ \ I iTt ax-' ^ „ 



dx^ 



jk dx3 



k 



O TT, 



(4.3)" 



Hi- = M» o TT • [ ^ ( M« o vr ) + H^, • vr] • f^- o tt , 

Vt = o TT • Kil^ O TT • O TT, 



=M«'o7r-F,«-M,^o7r-M^o7r. 
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Example 4.1 If [E,tt,M) is a vector bundle endowed with the (/9, r/)-connection 
(/?, r/) r, then the local real functions 

(4.4) (5-JS,l5-)S.o.o) 

are the components of a distinguished linear (p, 77) -connection for ((p, j]) TE, (p, r])TE,E) , 
which will by called the Berwald linear {p,ri) -connection. 

The Berwald linear (/dT^M, -ft^M)-connection are the ususal Berwald linear connec- 
tion. 

Theorem 4.2 If the generalized tangent bundle (lp,ri)TE,{p,rj)TE,E) is endowed with 
a distinguished linear {p,r])- connection {{p,r])H, {p,r])V), then for any 

X = Z^~da + Y'^da e T{{p, ri)TE,{p,r,)TE,E) 

and for any 

Te7^ip,rj)TE,{p,rj)TE,E), 

we obtain the formula: 

{p,ri) Dx {T;;J^,ZX^~6a, ^ ... ® K ® d~zP' ® 
8) da^ ® ... ® da, ® 5y^^ ® ... ® 5y^ 



where 



(4.5) = ® - ® K ® ^^^^ ® - ® ^z^" ® ® ■ 

^Sap (8) dz^i (8) ... <8) dz^" (8) (8 ... <8) da, (8 Sy^^ (8 ... (8 Sy^% 



rr,cti...apai...ar r- tj \ I x \ Tnai...apai...a. 



J- /'/I TTairpaa2-apai_...ar , \ ( „ ri\ TTO:prpai...ap-iaai...ar 
+ KP: V) J^aj-^l3i...l3^bi...b, + - + l^' -""7-'/3i.../3^6i...&^ 

. X „/3 ^Q:i...Q;pOi...a^ - r^) 77^ H^^ ^ai...apai...a^ 

(4.6) lP'^J^/3i7^^^2-/3,&i-b. - ^P^^)^^,^^Bi-B,-i0bi...b, 

+ 1/5, ^) ^ay^[S^...lS^bi...bs + - + i^' '?) ^a7-'/3i.../3,fei...6, 

lP)'7J-"6i7^/3i.../3g662...b. - ^P^^) ^b^f-^ ^i...l3^bi...b,-ib 



\c=ri~p,idE) (b.) 

+ (P, r/) i-^r;-;3;^<^^-,f ^ + ... + (p, r,) Fa^r-;;- 

\P^^)^li^c^PI3^...l3^b^...bs - IP''?^ %c^/3i.../3, 
^ KPi n) ^ac ^Bj...(5gbi...bs ^ ■■■ ^ yP' 'l> ^ac 

yp^^) ^bic'^i3^...i3gbb2...bs ••• yp^^i ^bsc-^p^...Pgb 
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Corollary 4.2 In the particular case of Lie algebroids, {r),h) = {IdM,IdM) , we 
obtain 



I rra, rr'^'^2---oipai...ar . , jj-apr7-.cii...ap_iaai...Or 
+P^aj-ll3^...0 bi...bs + - + P^»1-^0,...I: 



_ ttI3 rpai...apai...ar _ _ ttP rpOLi . . .(Xpax . . .ar 
I4.bj P"^lii-t^PI3^...l}^bi...bs ■■■ P"-li^-f^l3^...l3g_^pb^...bs 

,^TTairpai...apaa2...ar ™^,„Q!i...apai...ar_ia 
-T-pj^ayJ-[5-^...l3^bi...bs ••• P^a-i-^ fh...fiqbi...bs 

TTb rpCti...apai...ar _ rrb rpai...apai...ar 

and 

rj-,ai...apai...ar i r tJ \ I Fl \ rpai---apai...ar 

W-^b^...bs ^ iP^-^'^E) \dc j T^^,„fj^b^...bs 

I ^TctirpCta2...apai...ar ^^ap rpa\...ap-iaai...ar 

+PVac + ••• + P^ac J- p^,„p^bi...bs 

(A jy Trl3 rpai...apai...ar _ _ ^rji rpai...apai...ar 

-^P'^ac ^ I3^...l3^bi...bs ••• ^ P^ac ^ I3^...l3gbi...b, 

— T/^ rpCti...apai...ar _ _ ^rb rpai...apai...ar 
P^bic-^ /3i...l3gbb2...bs ■■■ P^bsc-^l3i...l3gbi...bs-ib- 

In the classical case, {p,r],h) = {IdTE,IdM,IdM) , we obtain 

rj-iii...ipai...ar r / rpii...ipai...a, 

jl...jqbl...bs\k ~ ^ \ jl...jqbl...bs 

, TTilrp^^2---^pf^l---f^r I I TJ-lp rp>'l---1p—11'0:\...0,r 

^^ik-^jl...jgbl...b, + - + ^ik-^l3i...l3^bl...bs 

. y, _TTj rph—ipai—ar _ _ Tjj rpQ-l ■ ■ -Oipai . . .Ur 

y^-^i "jik-^jj2...jgbi...bs ••• ^jqk'^ji...jg-ijbi...bs 

,TTairpOii...apaa2...ar . , rjar rpCii---Oipai...ar-ia 
"^-"afc-'/3l.../3^fei...b, - ^ ^ak^P^...p^br...bs 

_TTb rpOi\...apai...ar _ _ rrb rpCti...apai...ar 
"-bik-^ P-^...^ bb2...bs ■■■ "-bsk-^ p^...p bi...bs-ib 



and 

rph...ipai...ar i _ A ^ rpCtl---Ctpai---0,r 
^h...jqbl...bs \J- p^...p^b,_...bs 

^"^ic ^ h...jqbi...bs - ^ic ^/3i.../3,6i...&, 

/■^ jyf —V^ rpii...ipai...ar _ _ rpii.--ipa-i...ar 

jlC jj2..-jqbl...bs jqC jl...jq-ljbl...bs 

.^rairpii---ipaa2...ar . . ya^rpii---ipa\...ar-'La 
^^ac ''-ji...jgbi...bs ••• ^ac -'- ji...jgbi...bs 

J/b n-i11 • ••tp<X± . . .fly Tyb rrill • . .Ipfll . . .flr 

~ bic ji...jqbb2-bs ~ ■■■ ~ bsC ji...jqbi...bs-ib- 

Definition 4.2 If {E, it, M) = {F, u, N) , (p, ry) F is a (p, 77)-connection for the vector 
bundle (E,7r,M) and 



((p, rj) (p, rj) HI, (p, 7?) (p, 7?) H",) 
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arc the components of a distinguished hnear (p, rj) -connection for the generahzed tangent 
bundle ((p, rj) TE, (p, rj) te, E) such that 

(p, r?) HI = (p, n) HI and (p, r?) = (p, r?) V^^, 

then we will say that the generalized tangent bundle {{p,r])TE, {p,rj)TE,E) is endowed 
with a normal distinguished linear (p, rj)- connection on components ((p, 77) H^^, (p, rj) V^^). 

In the particular case of Lie algebroids, (r/, /i) = {IdM , IdM) , the components of a 
normal distinguished linear (p, /(iM)-connection {pH,pV) will be denoted {pH^^,pV^^). 

In the classical case, {p,r],h) = {Mte, Idu, Idu) , the components of a normal 
distinguished linear ( JdrM, -fc?M)-connection {H,V) will be denoted [Hji^,V\j. 



5 The (p, 77)-(pseudo)metrizability 



We consider the following diagram: 



E 



{F,[,]F,h,{p,r])) 



where {E, tt, M) G |B^| and ^(.F, u, M) , [, , (p, ??) j is a generalized Lie algcbroid. Let 

(p, 77) r be a (p, ryj-connection for the vector bundle {E, tt, M) and let ((p, ry) H, (p, ry) y) 
be a distinguished linear (p, ry) -connection for the generalized tangent bundle 



{{p,rj)TE, {p,rj)TE,E). 



Definition 5.1 A tensor d-field 

G = ga^dz"" ® dz^ + gabSr ^ Sy^ G VT^^ ((p, r/) TE, (p, r?) re, £;) 

will be called pseudometrical structure if its components are symmetric and the matrices 
\\9a0 ('"j;)||and \\gab {ux)\\ are nondegenerate, for any point Ux £ E. 

Moreover, if the matrices \\ga0 iux)\\ and \\gab iux)\\ has constant signature, then the 
tensor d- field G will be called metrical structure. 

Let 

G = g^pdz"' (8) dz/^ + gabSy'' ® 6y'' 

be a (pseudo) metrical structure. If a, ^ G l,p and a, 6 G l,r, then for any vector local 
(m + r)-chart (C/, su) of tt, M), we consider the real functions 

7r-i(C/) ^ ^ M 

and 

7r-i(C/) ^ > R 

such that 

11^^" M|| = ||ffa/3 K)ir' 
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and 

ll5'»K)ll = ii5„6 {u.)r\ 

for any G tt"^ {U) \ {Ox}. 

Definition 5.2 If around each point x G M it exists a local vector m + r-chart {U, sjj) 
and a local m-chart {U,^u) such that g^p o o (^^^ x IdRm) and (7a6 o s^^ o 

(^^^ X /dffim) [x, y) depends only on x, for any Ux G tt~^ (U) , then we will say that the 
(pseudo)metrical structure 

G = gafidz"" dz^^ + gabSf ® 5y^ 

is a Riemannian (pseudo)metrical structure. 
If only the condition is verified: 

"^Q/? o s'l^^ o (^^jj^ X depends only on x, for any Ux G tt~^ (U)" respec- 

tively "gab o Sjj^ o (^^-^ X IdRm) (x,?/) depends only on x, for any Ux G 7r~^ (t^)"; then 
we will say that the (pseudo)metrical structure G is a Riemannian %-(pseudo)metrical 
structure respectively a Riemannian V-(pseudo) metrical structure. 

Definition 5.3 If around each point x & M there exists a local vector m + r- 
chart {U,su) and a local m-chart {U,^ij) such that ga/3 o s^^ o (^^^ x IdRm) {x,y) and 
ffab ° ^[/"'^ ° (C{7^ ^ -fdM"") (a;, y) depends only on y, for any Ux G 7t~^ (U) , then we will 
say that the (pseudo)metrical structure 

G = g^pdz'^ ® dz^ + gabSy" ^ 6y^ 

is a Minkowski (pseudo)metrical structure. 

If only the condition is verified: 
9aj3°s^^ X Id^m^ {x,y) depends only on y, for any Ux G tt"^ (C/)" respectively 
"dab ° o (^^^^ X /c/k'") {x, y) depends only on y, for any Ux G vr"^ (U) " , then wc will 
say that the (pseudo)metrical structure G is a Minkowski ^-(pseudojmetrical structure 
respectively a Minkowski V - (pseudo)metrical structure. 

Definition 5.4 If there exists a (pseudo) metrical structure 

G = ga/idz'^ O dz^^ + gab^y" ® 6y^ 
and a distinguished linear (p, ?7)-connection 

((p,r/)/f, (p,r?)F) 

such that 

(5.1) (p, r?) DxG = 0, VX G r ((p, r/) T^;, (p, r/) r^;, E) . 
then the generalized tangent bundle 

{{p,ri)TE,{p,r,)TE,E) 

will be called {p,r])-(pseudo)metrizable 

Condition (5.1) is equivalent with the following equalities: 

(5.2) ga/sij = 0, gab\j = 0, gap \c= , gab \c= 0. 
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If (7a^|^=0 and (7ab|^=0, then we will say that the vector bundle ((p, r])TE, (p, r))TE, E) 
is 7i-{p,r])-(pseudo)metrizable. 

If gai3\c=^ and gab\c=0, then we will say that the vector bundle {{p, r])TE, (p, r])TE, E) 
is V-{p,r])-(pseudo)metrizable. 



Theorem 5.1 // \^{p,ri) H,{p,r])Vj is a distinguished linear {p,r]) -connection for the 

generalized tangent bundle {{p, rj) TE, [p, rj) te, E) and G = g^pdz'^'^dzl^ +gab&y°'®&y^ 
is a (pseudo)metrical structure, then the following real local functions: 

{p, 77) H^^ = (r (p, IdE) {l^ ge0 + r (p, He) {s^) g,^ - T (p, Me) (s,) g^^ 
+geeL^jp oho 77- g/se^e ohoTT- ge-yL^p^ ohoT^j , 

(5.3) = + 

^ pe\c 

(P, V) = (r (p, Me) (^e) geb + r (p, Me) (^d^^ gee - r (p, Me) (^d)j g^c 

are components of a distinguished linear {p,ri) -connection such that the generalized tan- 
gent bundle {{p,r])TE,{p,ri)TE,E) becomes {p,r])-(pseudo)metrizable. 

Corollary 5.1 In the particular case of Lie algebroids, {r],h) = {IdM, Idu) , then 
we obtain 

pH^y = (r (p, Me) (5^) gep + r (p, Me) {l^ 5^7 - T (p, Me) {l. 



£ 5/37 



^ pe\c 

P^he = ^5"' (p, /de) geb + T (p, /dg) [d^ gee - T (p, Me) [d)j gb)j 
In the classicale case, {p,r],h) = {IdTE, Idu, Idu) , then we obtain 

zra Tja 1 sac 

^bk - ^bk + off ff, ' 



(5.3)" 



v^e =^jc + \s"'go, 

^bc = ^ff""" {^cgeb + dbgec - degbc 



Theorem 5.2 If the distinguished linear {p,r]) -connection y{p,ri) H, {p,rj) Vj coincides 
with the Berwald linear {p^r])- connection in the previous theorem, then the local real 
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functions: 



(p, rj) H^^ = -r' (r (p, Me) (5^) Qep + T (p, Ue) (dp) g,^ 

-V {~p, Me) g/s^ + geeL^^p ohon -g^eL^^^ ohon - ge-yL'^ps °hoTr) 

c a d (o 'n)T°' 1 



2" ay ' 



2'' V 9y dy'^ dy^ 
are the components of a distinguished linear {p^r])- connection such that the generalized 
tangent bundle {{p,ri)TE,{p,rj)TE,E) becomes {p,r])-(pseudo)metrizable. 

Moreover, if the (pseudo) metrical structure G is %- and V -Riemannian, then the 
local real functions: 

(p, rj)Hl^ =\g-- {p'^hoTT^ + P^^o - p|o/,o7r^+ 
+9eeLf^p°ho'n: - gi^eL^^ohoTr - ge^L^^^ohon) , 

(p^v)K^ =0, 

{p,v)vl, =0. 

are the components of a distinguished linear {p,r]) -connection such that the generalized 
tangent bundle {{p,r])TE,(p,r])TE,E) becomes {p,r])-(pseudo)metrizable. 

Corollary 5.2 In the particular case of Lie algebroids, {ri,h) = (IdM, Mm) , then 
we obtain 

pHp^ = ]^r' (r (p, Me) {h^ + r (p, Me) {h^ 

-r (p, IdE) {l^ 5/37 + 9Qe^\p ° -g^eL^^s O TT - ° 
ca _dp^ 1 

(5.4)' P""^ - ^ + 2^ Vt' 

P^ be - n9 [ + 



2 \ dy'^ dy° dy^ 
If the (pseudo)metrical structure G is %- and V -Riemannian, then 

u" ^-ae f k 99el3 , J %7 e ^5/97 , 



P^bj—OyB- + 29 \Pl°T^-d^ - -dy^9ec -9^9eb) , 

pl/^, = 0, pvl, = 
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In the classicale case, {p,r],h) = {IdxE, Idn, Idu) , then we obtain 

c« 1 

^jk = {hghj + Sj9hk - ^hdjk) 
c « ar? 1 

Tj k I ;;ac„ 

I .do, 
3" 2^ dy^' 



^ be — 7:9 I + 



2 \^ t^y'^ t^y'' dy^ 
If the (pseudo)metrical structure G is H- and V -Riemannian, then 



(5.5)" c a 



2^ \dx^ dx3 dxh J 

c i c 

Vjc = 0, Vfc, = 



Theorem 5.3 Let {p,r))T be a {p^rj)- connection for the vector bundle {E^'k^M) . Let 

[ip,rj)H, ip,v) V) 

be a distinguished linear {p,r])- connection for {{p,r])TE,{p,r])TE,E) and let 

G = g^pdz'^ ® dz^ + gabSy"" ® Sy^ 

be a (pseudo)metrical structure. 
Let 

(5.6) ^ ; 

ott = 2 i^t^i - 9bcr) , = 2 i^tK + 9bcr) , 

be the Obata operators. 

If the real local functions ^^.y, ^^c^Y^,Y^^ are components of tensor fields, then the 
local real functions given in the following: 

(p,r,)i^^ = (p,r/)i4 + 0^^I^, 
c * 

{p,ri)V,% = {p,ri)V,-^ + OuY,i, 

are the components of a distinguished linear {p,r])- connection such that the generalized 
tangent bundle {{p,rj)TE, {p,rj) te, E) becomes {p,r])-(pseudo)metrizable. 
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Corollary 5.3 In the particular case of Lie algebroids, {rjjh) = {IdM, Idn) , then 
we obtain 

pH^y = PH% + OZY^^, 

pVSc = pVbc + oz^x%, 



' 13c I ^/3r; 
PVbc = PVbc + OtrYec, 

In the classicale case, {p,r],h) = {IdTE, Idu, Idu) , then we obtain (see [17]) 



tr- ^^ti bk — ^bk ^bd-^ek^ 

(5-7) c ,U 

c * ae 
^^0 = ^0 + 0^^1 



Theorem 5.4 Let (p,r])r be a {p,r]) -connection for the vector bundle {E,7r,M). 
If 

is a distinguished linear {p,r]) -connection for the generalized tangent bundle 

{{p,r,)TE,{p,r,)TE,E) 

and 

G = g^pdz"" (8) dz^ + gabSr ® Sy^ 
is a (pseudo)metrical structure, then the real local functions: 

{p,v)H^, = {p,v)H^-y + lr9 , 

^ £/3|7 



{p,r^)HI^ = {p,7^)H^ + -rg ,0 , 



1 

e6| 7 



(5-8) 

{p,V)V^c = (P^V)Vl^c + \r9eP L 

{P,ri)V-^ = {P.r])V,l + \r9eb I 

are the components of a distinguished linear (p,r])- connection such that the generalized 
tangent bundle {{p,rj)TE,{p,rj)TE,E) becomes {p,r])-(pseudo)metrizable. 

Corollary 5.4 In the particular case of Lie algebroids, {r),h) = {IdM, Idn) , then 
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we obtain 



1 



pH^ = pHi + -rg 



(5.8)' 



67 ■ 2' 
1 



£/9|7 

) 
i|7 



Ic 



In the classicale case, {p,r],h) = {IdxE, IdM, IdM) , then we obtain (see [15]) 



hj\k 



(5.8)" 



H^k = H^k + 2^^^ , 

eo| fe 
1 ° 



6 Generalized Lagrange (p, 7y)-spaces, Lagrange (/?, 77)-spaces 
and Finsler (p, 77)-spaces 

We consider the following diagram: 

E {F,[,]F,h,ip,v)) 



M- 



such that {E,Tr,M) = {F,v,N) and the generalized tangent bundle 

{{p,rj)TE, ip,r])TE,E) 
is (p, r7)-(pseudo)metrizable. Let 

G = habdz'' ® dz" + gabSy" ® Sy'' 
be a (pseudo)metrical structure and let 

{{P,V)H, {p,r])V) 
be a distinguished linear (p, 77) -connection such that 

{p, rj) DxG = 0, VX G r ((/>, 7?) Ti?, (p, t?) r^, i^) . 
Definition 6.1 A smooth Lagrange fundamental function on the vector bundle 



{E, TT, M) is a mapping E 



which satisfies the following conditions: 
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1. L o n G (M), for any u G T {E, vr, M) \ {0}; 

2. L oO E (M), where means the null section of (E, vr, M) . 

If ([/, su) is a local vector (m + r)-chart for {E, n, M), then the real function 

put d'^L put d / d , , 

is defined on tt"^ ([/"). 

Definition 6.2 If for any local vector m + r-chart {U, su) of {E, it, M) , we have: 

(6.2) rank \\Lab {ux)\\ = r, 

for any Ux € (U) \ {Ox}, then we will say that the Lagrangian L is regular. 

Proposition 6.1 If the Lagrangian L is regular, then for any local vector m+r-chart 
{U, sjj) of {E, TT, M) , we obtain the real functions locally defined by 

(6.3) -~'(^) , 



where 



V'^iux) =\\Lah{ux)\\ ^, for any Ux(^TT-^{U)\{Ox}. 



Definition 6.3 A smooth Finsler fundamental function on the vector bundle {E, vr, M) 

is a smooth Lagrange fundamental function E > R+ which satisfies the following 

conditions: 

1. F is positively 1-homogenous on the fibres of vector bundle {E,Tr,M) ; 

2. For any local vector m + r-chart {U, su) of {E, it, M) , the hessian: 

(6.4) \\Fl,{ux)\\ 

is positively define for any Ux G tt"^ {U) \ {Ox}- 

Definition 6.4 If the (pseudo) metrical structure G is determined by a (pseudo) metrical 
structure 

g = 9abdr ®dy^eT%{V (p, 77) TE, (p, rf) , te, E) , 

namely 

G = gahdz" dr + gabSy" ® 5y\ 
then the (p, ?7)-(pseudo)metrizable vector bundle 

iip,ri)TE,{p,ri)TE,E) 

will be called the generalized Lagrange {p,r]) -space. 

In particular, if the (pseudo) metrical structure g is determined with the help of a reg- 
ular Lagrange (Finsler) fundamental function, namely g = Labdy'^®dy^ {(j = F^^dy"" (8) dy^^ , 
then the (p, ry)-(pseudo)metrizable vector bundle 

{{p,r^)TE,{p,rj)TE,E) 

will be called the Lagrange (Finsler) {p,r]) -space. 

The generalized Lagrange (7(iTM)-f(^M)-spaces, the Lagrange (/drM) -ft^M)-spaces, 
and the Finsler {Mtm, IdM)-spaiCes are the usual generalized Lagrange spaces, Lagrange 
spaces and Finsler spaces. 
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Theorem 6.1 If the (pseudo)metrical structure G is determined by a (pseudo)metrical 
structure 

9 = Qabdr (^dy^eTliV (p, r?) TE, (p, 77) , r^, , 
then, the real local functions: 

{p, n) = (r i~p, Me) (db) gee + T {p, Me) (s,) g^e - T {p, Me) (de) g^e 
(6.5) - gedLf^ohoTT +gbdLicOhoTr - gedLf^ohoTr) , 

ip, V) He = I'd"" (r Cp, Me) (de^ geb + T {~p, Me) (db^ gee - T {p, Me) (de^ gbe^ 

are the components of a normal distinguished linear {p, r])- connection with {p, rj)-'H {7i7i) 

and {p,r])-V{VV) torsions free such that the generalized tangent bundle 
{{p, Tj) TE, (p, r])TE,E) becomes generalized Lagrange {p, rj) -space. 

This normal distinguished hnear (p, 77)-connection will be called generalized linear 
(p,ri)- connection of Levi-Civita type. 

Corolary 6.1 In the particular case of Lie algebroids, {r],h) = {IdM, Idjw) , then 
we obtain 

pHbe = ^5"' (r iP, Me) (Sb) gee + T {p, Me) (Sc) gbe - r {p, Me) (Se) gbe 
(6.5)' ~ gcdLte°'^ +gbdLic°T^ - gedLtc^T^) , 

PKe = l~g" (r (P, Me) (dc^ geb + r (p, Me) (^db^ gee - r (p, Me) (^4) 56c) 

In the classicale case, {p,r],h) = {IdTE, Idu, Idu) , then we obtain 

Hbc = l^""" {hgec + Scgbe - Segbc) 

V- = -r {dcgeb + dbgee - ^gbe) 



(6.5) 



Moreover, if {E,7r,M) = {TM,tm,M) , then we obtain 

H'jk = ig'^ i^jghk + Skgjh - Shgjk) 



in 



^jk = \g'^ (pkghj + djghk - dhgjkj 



Theorem 6.2 Let ((p, rj) H, (p, rj) V) be the normal distinguished linear (p, r])-connec- 
tion presented in the previous theorem. 
If 

Tte^a ® dz'^ ® G ((p, v) TE, (p, 77) TE, E) 

and 

StA ® Sy' 5r e l^i ((p, v) TE, (p, rj) te, E) 
such that they satisfy the conditions: 

Tl = -T«, A SI = -S%, yb, c G T^, 
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then the following real local functions: 

{p, T,) HI = {p, 77) H-^ + \r (gedTt - guTt + 5cdT^,) , 
(6.6) ^ ^ ^ 

{p, ri) = {p, v) V,- + -r {ged^i - 9bdSic + 9cd^te) 

are the components of a normal distinguished linear (p, r])- connection with {p, r])-7i (TiTi) 
and {p,rj)-V (yV) torsions a priori given such that the generalized tangent bundle 
{{p, 77) TE, {p, r])TE,E) derives generalized Lagrange {p, rj) -space. 
Moreover, we obtain: 

= iP^ V) HI - {p, r,) -Llohon, 
Sl = ip,v)Kc-{p,v)V-,. 

Corollary 6.2 In the particular case of Lie algebroids, {r],h) = {Mm, IdM) , then 
we obtain 



(6.6)' 



= pH-^ + (^gedTt - gMTi + gcdTfe) , 
pK = PVbc + {ged^t - 9bdSt + 9cd^t) 



and 
(6.7)' 



nc = pH^-pH^b-Ltc°^^ 
= PVbc - PVcb- 

In the classicale case, {p,ri,h) = {IdxE, Mm, Mm) , then we obtain 



(6.6)" ^ ^ ^ 



Vbc = Vbo + 2^ 



\r {ged^ic-9bdKc+9cd^i) 

and 
(6.7)" 



= HI - H-„ 



he = ^bc - ^ch- 
in particular, if {E,Tr,M) = (TM,tm,M) , then we obtain 

= H]k + \r {9ehT)k - 5,- A + 9kh^])j , 
(6.6)"' 3 3 2 \ ^ ^ ) 

and 

tIu = hL-h' 



(6.7) 



/// jk jk kj^ 



^jk ^jk ^kj ■ 
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